[1] A novel analytical approach to the synthesis of linear sparse arrays with uniform-amplitude excitation is presented and thoroughly discussed in this paper. The proposed technique, based on the auxiliary array factor concept, is aimed at the deterministic determination of the optimal array element density and excitation phase tapering distributions useful to mimic a desired radiation pattern. In particular, the developed antenna placement method does not require any iterative or stochastic optimization procedure, resulting in a dramatic reduction of the antenna design times (typically on the order of a few seconds). Antenna mutual coupling is not taken into account within the developed methodology; hence, to assess the sensitivity of the design procedure to such nonideality, a dedicated numerical investigation has been carried out by using a rigorous full-wave electromagnetic field prediction technique. The obtained results prove the effectiveness and the versatility of the proposed array synthesis approach even in operative scenarios where a significant deviation from desired antenna operation is observed.
Introduction
[2] Several approaches to the design of linear sparse arrays have been proposed in last years [Miller and Goodman, 1983; Viganó et al., 2009] , mainly based on multidimensional optimization algorithms [Harrington, 1961] , and evolutionary stochastic methods [Haupt, 1994] . Unfortunately, the synthesis procedures already available in the scientific literature either lack of generality, as the analytical techniques of Ishimaru [1962] , Imbriale et al. [1972] , and Werner and Werner [1995] , or they are very demanding in terms of computational resources. To overcome these limitations, a general and effective antenna placement technique for linear aperiodic arrays is developed, and here presented. Such technique, based on the auxiliary array factor (AAF) concept, allows for the deterministic derivation of the optimal element density and excitation phase tapering distributions useful to mimic any given radiation pattern mask. In this way, the array sparseness can be usefully exploited as an additional degree of freedom in the design in order to meet possible requirements in terms of maximum aperture size.
[3] The proposed antenna placement method is based on a fully analytical formulation, and does not require any iterative procedure. This is in turn useful to reduce synthesis times dramatically. In the presented formulation, the effect of mutual coupling between the antenna elements is neglected, although it is to be pointed out that, where the interelement spacing is in the order of 0.25 l 0 , l 0 denoting the operational wavelength, the overall performance of the radiating structure may be adversely affected. A detailed discussion of parasitic couplingrelated issues in array design problems is beyond the scope of the presented research, although this antenna nonideality may be handled by using the theory of active element pattern (AEP), as presented by Pozar [1994] .
Deterministic Antenna Placement Technique
[4] In this section, emphasis is put on the analytical details of the proposed design technique for deterministic synthesis of linear uniform-amplitude sparse arrays. The developed methodology relies on the definition of a suitable AAF function depending on the continuous antenna element positioning and excitation phase distributions which are determined, upon an apposite piecewise linearization procedure, by enforcing the equality to a given objective array factor mask in the domain of the Fourier transform with respect to a normalized observationangle-dependent parameter. In this way, one obtains an integral equation, involving the element taper function, which can be solved analytically or by means of computationally inexpensive numerical methods. Afterwards, the actual antenna positions and excitation phases are evaluated in a straightforward manner by uniform sampling of the aforementioned characteristic functions. 
Auxiliary Array Factor Function
[5] Let us first consider the array factor relevant to a radiating structure consisting of N a antennas deployed over a line (see Figure 1 ) and excited with equal amplitudes:
k 0 being the propagation constant in free space, and n the excitation phase of the nth array element located at x = x n . As it can be readily inferred, the expression in (1) may be regarded as the Riemann's sum approximating the AAF function defined as
where x(q), a(q) denote, respectively, the continuous normalized positioning and phase distributions generalizing the discrete quantities 1 2 k 0 x n /p, n appearing in (1). Similarly, q is the continuous version of the index n relevant to the general antenna element forming the array. After setting for shortness y = 2p sin #, the AAF function can be rewritten as
being the contribution pertinent to the mth interval [q m−1 , q m ]. In each interval, the positioning and phase functions are assumed to be conveniently linearized (see Figure 2 ).
[6] Under the mentioned assumptions, the general term F A m (y) can be evaluated in closed form as follows:
where
A, a, and Dq = q m − q m−1 . sinc(·) denotes the usual sine cardinal function [Bracewell, 1999] . In order to achieve a fully analytical formulation useful to mimic a given objective array factor mask F O (y) in a deterministic way, it is convenient to directly carry out the synthesis procedure in the domain of the Fourier transform with respect to the variable y. In this way, one can readily obtaiñ
P D (H) being the pulse distribution having width D and centered at the origin H = 0. It is to be pointed out that, by virtue of the said piecewise linearization of the continuous normalized positioning x(q) and phase a(q) functions, each term F A m (y) in (3) turns to be Fourier-transformed into a function with compact support centered at
) and having support width c D m . Upon noticing that the supports of the modulated pulse termsF A m (H) (m = 1, 2, …, M) are not overlapping, it is straightforward to show that the following equality holds true:
A similar property is featured by the argument of the Fourier-transformed auxiliary function, namely,
Thanks to that, the proposed array synthesis technique turns to be analytically rigorous and fully deterministic, without resorting to any optimization procedure, as it will be shown in section 2.2. Figure 2. Piecewise linear approximation of the positioning x(q) and phase a(q) distributions as functions of the continuous index q relevant to the general antenna element forming the array structure.
Deterministic Evaluation of the Array Element Density and Phase Tapering Distributions
[7] The array synthesis is carried out by enforcingF
, where F O is the objective function to be mimicked. So, by making use of equation (7) it follows that
where the following normalization condition on the magnitude of the Fourier-transformed pattern maskF O (H) is adopted:
[8] Once the piecewise linear approximation of the positioning distribution x(q) is determined by solving (11) for the unknowns m (m = 1, 2, …, M), the phase quantities m can be easily evaluated by enforcing arg{F
for m = 1, 2, …, M.
[9] It is worth noting that, thanks to the outlined methodology, the proposed array synthesis technique turns to be rigorous and fully deterministic without resorting to any optimization procedure. The solution of (11) can be carried out by using different numerical or analytical methods. In particular, a combined technique based on the Gauss-Kronrod quadrature formula [Kythe and Schaferkotter, 2004] and the Newton-Raphson root-finding method [Kelley, 2003] has been specifically developed within the proposed research. The considered approach is stable by construction and computationally efficient, resulting in extremely reduced solving times, which are typically in the order of few tens of milliseconds.
[10] Let us now focus the attention on the selection of the parameter 0 . To this end, a suitable energy criterion can be adopted by determining the valueX 0 > 0 which satisfies
< 1 being a given threshold controlling the extension of the visibility region of the assigned radiation mask, and hence affecting the accuracy of the proposed antenna placement procedure. Under the assumption that the maximum array aperture is required to be D max , the mentioned parameter can be taken aŝ
On the other hand, if no specification on the maximum array size is provided, 0 can be readily selected asX 0 .
[11] Finally, the quantities x n and n appearing in the expression of the actual array factor in (1) can be computed in a straightforward manner by uniformly sampling the normalized positioning and excitation phase functions, respectively, at the indicial barycenters:
with n = 1, 2, …, N a .
Application to the Synthesis of Linear Sparse Arrays
[12] The developed technique can be adopted to synthesize linear sparse arrays featuring complex radiation properties. As an example, an antenna architecture has been here designed in order to mimic the radiation pattern mask shown in Figure 3 , relevant to a Dolph-Chebyshev distribution F O (y) with sidelobe level SLL = −25 dB [Dolph, 1946] . In doing so, the antenna aperture has been specified to be D max = 13.7 l 0 , l 0 = 2p/k 0 being the operating wavelength. As outlined in section 2, the array size is to be chosen in such a way that the energy content relevant to the spatial Fourier transformF O (H) of the mask is mainly concentrated in the range [−D max /2, D max /2]. Afterwards, the developed deterministic placement method has been applied selecting the number of antennas as N a = 39. In this way, the element positions have been easily determined, and plotted in Figure 4 . In particular, the average interelement spacing has been found to be about 0.36 l 0 . As it appears from Figure 3 , the antenna sparseness can be usefully exploited to accurately mimic the desired radiation pattern without using any amplitude tapering of the excitation coefficients. That is in turn important in order to allow all the amplifiers in the array feeding network to be operated under the same optimal condition, thus gaining efficiency and reducing the manufacturing costs significantly.
[13] The selected example clearly shows the versatility of the developed technique which provides the antenna engineer with an effective array synthesis tool allowing for combined controllable tapering of the illumination phase distribution and the element positioning density and, hence, capable of yielding a number of beneficial degrees of freedom in constrained design problems for a great variety of applications with different requirements on the number of radiating elements, antenna spacing, and array sparseness characteristics (uniform/aperiodic element placement). An additional favorable feature of the considered methodology lies in the relevant fully deterministic formulation, which typically results in reduced computational times and negligible memory usage. In order to point out this important aspect, the problem of synthesizing the 39-element uniformly fed linear sparse array with the desired radiation pattern mask corresponding to the mentioned Dolph-Chebyshev distribution (see Figure 3 ) has also been addressed by means of the global optimization method discussed by Doyle [1963] , as well as the evolutionary GA-based procedure detailed by Haupt [1994] . In doing so, the needed numerical computations have been performed in double-precision floating point arithmetic on the same workstation equipped with a 2.99 GHz Intel Core Duo® processor (Intel Corporation, Core Duo Processor, 2011, http://www.intel.com/), and 3.25 GByte memory. Notably, the considered approaches yield essentially the same results in terms of antenna positions (see Figure 4) although, as given in Table 1 , the proposed analytical technique, featuring a nearly real-time computing capability, outperforms the alternative ones. The achieved performance is in full accordance with the Nemirovsky-Yudin theorem which states that the complexity, and therefore, the computational burden of numerical optimization algorithms increases dramatically (at exponential rate) with the number of problem unknowns [Nemirovsky and Yudin, 1983] .
[14] Let us finally consider the problem of synthesizing a linear aperiodic array having uniform-amplitude excitations and matching the radiation mask shown in Figure 5 . As it can be readily noticed, the considered reference mask features a very complex behavior with different secondary lobe levels and wide radiation nulls useful to reduce, along desired spatial directions, possible electromagnetic interference problems with other users or sensitive electronic devices, so enhancing the quality of the service in the radio link. In order to achieve a good accuracy in the design procedure, the array aperture has been selected to be D max = 24.5 l 0 with a number of radiators N a = 51. Under such assumptions, the element position distribution, plotted in Figure 6 ), has resulted in an average antenna spacing of about 0.49 l 0 . It is worth noting that the application of the proposed deterministic antenna placement technique to the synthesis of the considered radiation mask (see Figure 5 ) leads to a nonuniform phase distribution of the array excitation coefficients, as it can be inferred from the visual inspection of Figure 7 . In this context, the phase tapering may be regarded as an additional degree of freedom in the design useful to meet the antenna specifications. Global optimization method [Doyle, 1963] 10.45 21,643,264 Evolutionary GA-based algorithm [Haupt, 1994] 1465 
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[15] The degradation of the array characteristics due to the spurious mutual coupling is neglected in the presented research. However, in order to assess the sensitivity of the proposed design tool to such antenna nonideality, a dedicated numerical investigation has been carried out. To this end, the radiation properties of the synthesized uniformly fed linear sparse array consisting of N a identical perfectly conducting dipoles (see Figure 4) have been analyzed in a rigorous way by using the full-wave electromagnetic field solver CST Microwave Studio® (Computer Simulation Technology, Microwave Studio Suite, 2011, http://www.cst. com/) based on the finite integration technique (FIT). In particular, the length, radius, and feeding delta gap of the individual dipole have been selected to be l d = 0.4385 l 0 , r d = 0.01 l 0 , and d d = 0.02 l 0 , respectively, in such a way as to achieve a reasonably good performance in terms of return loss (with respect to the reference impedance Z 0 = 50 W) in the array configuration, namely, |S ii | ] −10.67 dB (i = 1, 2, …, N a ) at the central working frequency f 0 = c 0 /l 0 , c 0 denoting the speed of light in free space. Under such assumption, the maximum parasitic coupling level between the radiating elements has been found to be max i≠j |S ij ( f 0 )| ' −7.85 dB, hence resulting in a significant deviation from ideal antenna operation. Despite of that, as it can be noticed in Figure 5 , the angular behavior of the synthesized array factor is not very severely impacted, except for the first sidelobe level, showing that the presented antenna placement technique yields pretty accurate results in realistic operative scenarios too.
[16] It is, however, to be stressed out that the rigorous modeling of mutual coupling in sparse arrays is surely not trivial and strongly problem-dependent. This important point is to be carefully addressed in future research by exploring suitable extensions of the proposed analytical formulation based on the concept of approximate/average AEP [Kelley and Stutzman, 1993] . In this respect, one can also readily infer that in array design contexts adversely affected by a large parasitic coupling level and/or number of radiating elements, the developed algorithm may be usefully adopted as an effective preconditioner in advanced hybrid deterministic/metaheuristic antenna placement methodologies in order to derive a well-conditioned initial array configuration useful to enhance convergence in terms of the number of iterations within the metaheuristic procedure and, consequently, to reduce the total computational time required to obtain a converged solution of the problem.
Conclusions
[17] A general and computationally efficient antenna placement method for linear aperiodic equiamplitude-fed arrays has been presented. Such method, based on the AAF Figure 5 . Angular behavior of the target mask and the array factor synthesized by means of the proposed deterministic antenna placement technique. The array aperture is specified to be D max = 24.5 l 0 . concept, allows for the deterministic derivation of the optimal element density and excitation phase tapering distributions useful to mimic a desired radiation pattern, without resorting to any iterative procedure. In this way, antenna array synthesis problems subject to demanding requirements in terms of maximum aperture size and minimum interelement spacing can be addressed in a straightforward and computationally inexpensive manner.
[18] The developed technique has been validated by application to the synthesis of complex array factor masks useful in real-life wireless applications, where a uniform amplitude antenna excitation is required in order to reduce the complexity of the array feeding network. In doing so, the impact of the parasitic antenna coupling has been investigated rigorously by carrying out a dedicated full-wave analysis. In this way, it has been found out that the proposed design methodology provides reasonably accurate results even in operative scenarios where a significant deviation from ideal antenna operation occurs.
[19] A generalization of the proposed synthesis approach, useful to handle two-dimensional sparse array design problems, is currently under development. 
